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Abstract 

We prove that a weak solution of a slightly supercritical fractional Burgers equation be- 
comes Holder continuous for large time. 

1 Introduction 

We consider the fractional Burgers equation 

6 t +8-6 x + (-A) s 6 = 0. (1.1) 

It is well known that solutions 9 of the subcritical (s > 1/2) and critical (s = 1/2) Burgers 
equation are smooth [9], [7], [4|. 

There are parallel results for the quasi-geostrophic equation. In the subcritical case, the so- 
lutions are smooth In the critical case the solutions are also smooth, which was proved 
independently by Kiselev, Nazarov and Volberg [8] and Caffarelli and Vasseur [5] using different 
methods. The proof by Kiselev, Nazarov and Volberg is based on their previous work on the 
Burgers equation and consists of showing that certain modulus of continuity (that is essentially 
Lipschitz for nearby points) is preserved by the flow. The proof by Caffarelli and Vasseur is more 
involved and consists in proving a Holder continuity result using classical ideas of De Giorgi. 

The two different methods were also used in the context of the critical Burgers equation. The 
method of modulus of continuity was used in [9] to show smoothness of solutions in the periodic 
setting. On the other hand, the parabolic De Giorgi method developed in [3] was used in [4] to 
show smoothness of solutions in the non-periodic setting. 

For the case of the supercritical quasi-geostrophic equation, it was shown that the solutions 
are smooth for large time if s = 1/2 — e for a small e [T3] extending the methods of Caffarelli and 
Vasseur. More precisely the idea is to use the extra room in the improvement of oscillation lemma 
to compensate for the bad scaling. 

In this article, we prove that the solutions of a slightly supercritical fractional Burger's equation 
become regular for large time. It is a similar result to the one shown in [13j for the quasi-geostrophic 
equation. 

It is important to point out that in [3], pQ, [7] it was shown that singularities indeed occur for 
any s < 1/2. What we show here is that they disappear after a certain amount of time. Even 
though singularities may (and sometimes do) appear during an interval of time [0,T], for t > T 
they do not occur any more. The amount of time T that we need to wait depends on the initial 
data and the value of s. For any given initial data, T — > as s — » 1/2. The essential idea of the 
proof is to combine the ideas from [3] and [13j . On the other hand, we can present a completely 
self contained proof which has been simplified considerably. 
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The idea in the proofs in this paper is still to make the improvement of oscillation in parabolic 
cylinders compete with the deterioration of the equation due to scaling. The improvement of 
oscillation lemma is the lemma which allows us to show Holder continuity when we iterate it at 
different scales (as in the classical methods of De Giorgi). We present a simple and completely 
self contained proof of this crucial lemma in this paper (section QJ. An alternative approach could 
be to redo the proof in [3] adapted to general powers of the Laplacian using the extension in [5] . 

We find a few advantages in the choice of presenting this new proof of the oscillation lemma in 
this article. One is that it makes the paper self contained. It also provides a proof that does not 
use the extension argument and thus it could be generalized to other integral operators instead 
of the fractional Laplacian. The new proof is essentially a parabolic adaptation of the ideas in 
[T2"] . This proof uses strongly that the equation is non-local. This idea is also used in [TT] to 
obtain a Holder estimate for critical advection diffusion equations for bounded flows that are not 
necessarily divergence free. 

We now state the main result. 

Theorem 1.1. There exists a universal constant a £ (0,1) such that if 9 is a solution of in 
K x [0, +oo] with < s < 2 and initial data 9q S L? , then there exists T* > such that when 
t>T*,e(t) is C a (T* depending only on \\9 \\ L2 ). 

Remark 1.2. We note that we believe this could be extended to data in any L p , 1 < p < oo, but 
for simplicity we do not pursue this here. 

Notation: 

Q r = [-r,r] x [-r 2s ,0]. 
oscq,. 9 = supg r 9 — mfQ r 9. 

2 Preliminaries 

2.1 The notion of a solution and vanishing viscosity approximation 

By a solution of {TUj) we mean a weak solution (a solution in the sense of distributions) that can 
be obtained through the vanishing viscosity method. In other words it is a limit as e% — > of 
solutions satisfying 

9 t + 9-9 x + (-AY0 - eiA0 = 0, 

' (2.1) 
9(-,0) = 9 a eL 2 (R), 

where 9o is an initial data for (|1.1[) . 

For every E\ > and #o 6 L 2 , the equation (|2.1[) has a solution 9 which is C°° for all t > 0. 
We list the properties of such solution in the next elementary lemma. 

Lemma 2.1. For every E\ > and 9q G L 2 , the equation (|2.1j) is well posed and its solution 9 
satisfies 

1. 9(-,t) e C°° for every t > 0. 

2. Energy equality: 

l|0(->*)llz,2(R) + / l|0(->*)llij»(R) + £ l l|0(-! f )llHi()K) d< = I|0oIIl2 (R ) • 
•J 

where H s stands for the homogeneous Sobolev space. 
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3. For every t > 0, 9{x, t) — > as x — > ±oo. 
Proof. We consider the operator that maps 9 to the solution of 

t + (-A) s fl-£iAfl = -0 X . 
Then we see that the map A : i— > is a contraction in the norm 

|||d||| = sup \\9(.,t)\\^+t 1/2 \\9J(;t)\\^ 

[0,T] 

To see that we note 

||| e -t((-A)»- ei A) do |||< C || flo || ia< 

(This is an elementary computation using Fourier transform) . Given 0\ and 02 such that | |0j 1 1 1 < R 
for i = 1,2, we estimate IHA^i — A02||| using Duhamel formula. On one hand we have 

\\A9x{;t)-A6 2 {;t)\\ L *<C I \\9 1 (;r)d x d 1 (;r)-9 2 (;r)d x e 2 (;r)\\ L2 dr 



<C f ||0 X - 9 2 \\ L ^ \\d x 9i\\ L * + II^ILoo - d x 2 \\ L2 dr 

Jo 



Using the interpolation inequality: |/||l= < ||/||r,a ||/'" ' 



L 2 WJ ML 2 ' 
t 



< CR lllfr - 2 ||| / (* - r)- 1 / 4 dr < CR\\\9x - 2 |||t 3/4 . 
On the other hand, we also estimate 



t 1 / 2 ||^A0 1 (-,t)-5 :c A0 2 (.,t)|| L2 <Ct x l 2 / (i-r)- 1 /2|| 0l( . ir)a ^ l( . ir) _ e2( . ir)a ^ 2 (. jr) || i2 dr 

Jo 

<CRt x l 2 || |0i-0 2 | || / (t-r)- 3 / 4 dr<Ci?|||0 1 -0 2 |||t 3 / 4 



Thus, if we choose T small enough (depending on R), A will be a contraction in the ball of 
radius R with respect to the norm 1 1 1 • 1 1 . 

Therefore, the equation (|2.1[) has a unique solution locally in time for which the norm || • ||| is 
bounded. A standard bootstrap argument proves that moreover |||^0|||i= <Ci~ fc/2 forallfc>0. 
This proves 1. and 3. for short time. 

The energy equality 2. follows immediately by multiplying equation (|2.1|) by 9 and integrating 
by parts. Since the L 2 norm of the solution is non increasing, the solution can be continued 
forever, thus 1. and 3. hold for all time. □ 

If we let £i — > 0, the energy estimate allows us to obtain a subsequence of solutions of the 
approximated problem that converges weakly in L°°(L 2 ) n L 2 (H S ) to a weak solution for which 
the energy inequality holds. In a later section, we will also prove a bound of the L°° norm of 
0(-, t) for t > 0, that is also independent of e\, thus we can also find a subsequence that converges 
weak-* in L°°((t, +oo) x R) for every t > 0. 
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2.2 A word about scaling 

There is a one-parameter group of scalings that keeps the equation invariant. It is given by 
9 r = r 2s ~ 1 9(rx, r 2s t). If 9 solves (II. ip . then so does 9 r . In the critical case s — 1/2, the scaling of 
the equation keeps the L°° norm fixed. This case is critical because the scaling coincides with the 
a priori estimate given by the maximum principle. 

We can consider a one parameter scaling that preserves Holder spaces. The function 9 r = 
r~ a 9(rx 1 r 2s t) has the same C a semi-norm as 9. If we want to prove that 9 S C a , we will have to 
deal with this type of scaling, but in this case the equation is not conserved. Instead, if 9 satisfies 
9 r satisfies 

d t 9 r + r 2s ~ 1+a 9 r ■ d x 9 r + (-A) s 9 r = 0. 

We have an extra factor in front of the nonlinear term. Note that if a > 1 — 2s (only slightly 
supercritical) and r < 1 (zoom in), this factor is smaller than one. 

In the case of the equation with the extra term SiA9, the viscosity will have a larger effect in 
smaller scales. Indeed, if 9 satisfies (|2.ip . 9 r satisfies 

d t 9 r + r 2s - 1+a 9 r ■ d x 9 r + (-A) s 9 r + r 2s - 2 £iA6» r = 0. 

3 L°° Decay 

First, as an immediate consequence of the energy equality in Lemma 12.11 we have the following 
lemma. 

Lemma 3.1. If 9 is a solution of (jl.ip . then 

I|0(*)IIi,2(m) < ll#o|| L 2 (R) • 

Nonincreasing properties of LP norms as above for general 1 < p < oo for the quasi-geostrophic 
equations were showed in P3T|,[5]. Now we have a theorem about the decay of the L°° norm. See 

also pa Ea cd cm] 

Theorem 3.2. If 9 is a solution of (jl.ip . then 

wv\9{x,t)\<C{a)t-*i ||0 o || iS(R)) (3-1) 

where C(s) — ^f/s y^jjjj > an d C s is the constant appearing the integral formulation of the frac- 
tional Laplacian below. 

Proof. Let T > and suppose 9 is a solution of (|2.ip . Define 

F(x,t) = tp6{x,t), 

for some p to be chosen later. By Lemma |2. II there must exist a point (xo,to) such that 

sup F(x, t) = F(xo, to) < oo. 

Bx[0,T] 

Observe that F satisfies the following equation 

F t -eAF+(-A) s F=-F--^F-F x . (3.2) 
pt t p 
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At (xo,to) we have 

F t > 0, F x = 0, > 0. 

Then by (pT2]) 



(-A) s F(x ,io) < 4-^(^0, to). (3-3) 

Using F(xo,to) — F(y,to) > for all y G R, we compute a lower bound for (— A) s F(xo, to) as 
follows 

( \\*t?( + \ n f F(x ,t ) - F(y,t ) 

(-A) F(a;o,to) = C s / ■ dy 

Jr \xo-y\ 

■>r f F(x ,t ) - F(y,to) ^ 

> C s / ■ -y-^ dy, tor any R > 

J\x -y\>R \X -y\ 

= Sk F (*°> t )-cj F{v % s dy- (3.4) 

SU J\x -y\>R \XQ - y\ 

Next by Cauchy Schwarz 



F(y,t ) , ^ C. 



\x -v\>r \x - y\ 



\L 2 ( 



C t F C t p 

= H (*o)ll L 2 (R) < H oIIl2(r) , (3-5) 

where the last inequality follows from Lemma l3~Tl and C s — ( i ? is ) * ■ Combine (|3.3[) - (13.5[) to obtain 

i 

^-/M) > Cs (^F(x ,to) - \\6o\\ LHm ), 



or equivalently 

( ^--)F(, ,t )<^||. |l L2( 

Let p — 4s, and choose i? so that = Rearranging we have 

F(x ,t )<C( S )||^|| i2(H) , 
with C(s) as in the statement of the theorem. Finally, from the definition of F 

sup t&0(x,t) < C(s) \\6 \\ LHm , 

Rx[0,T] 

or 

sup 0(x,t) < t~-C(s) \\0 \\ L 2, m , 

Rx[0.T] 

and since the estimate is independent of t\ and T is arbitrary, the theorem follows (note this 
gives an upper bound for 6. To obtain a lower bound we can redo the proof with F defined by 
-t*0(x,t).). □ 

Remark 3.3. Note that an estimate like (|3.5p could be obtained using any LP norm instead of 
L? . We chose to use L 2 because it is the norm that is easiest to show that it stays bounded (using 
the energy inequality). 
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4 The oscillation lemma 

Lemma 4.1. Let M ^ 2 and s G [j, \\. Assume 9 < 1 mix [— , 0] and 9 is a subsolution of 

9 t + M9 ■ 9 X + {-A) s 9 - £l A9 < e , 
in the set [-5,5] x [— ^,0] where \M\ < M and < E\ < 10 3/2 . Assume also that 

l{^0}n([-M]x[-^,-^])l>,. 

Then, if eo is small enough ( depending only on /i and Mq ) there is a A > ( depending only on /i 
and M ) such that 6 < 1 — A in [— 1, 1] x [— -j^, 0]. 

We will apply the lemma above only to the case when M is constant in Q\. This is not 
necessary to prove the lemma as it will be apparent in the proof. We are not aware of any possible 
application of the lemma with variable M (even discontinuous). 

Proof. Let m : [— jgj-,0] — > R be the solution of the following ODE: 

2 

m(-— ) = 0, 

1 M J (4.1) 
m'(i) = c \{x G [-1,1] : 9(x,t) < 0} - Cim(t). 

The above ODE can be solved explicitly and m(t) has the formula 

m(t)= / c |{x:6»(a;,s)<0}nBi|e- c ' l( *- s) ds. 

We will show that if c is small and C\ is large, then < 1 — m(t) + Eq in [—1, 1] x [— ,0]. 
This naturally implies the result of the lemma since for t G [— ^,0], 

m(t)>ce-»^|{fl<0}n[-l,l] x [ , ]| > Coe -W M . 

Mo Mo 

_2£l 

So we can set A = coe M » fi/2 for eo small. 

Let (3 : M — > M be a fixed smooth nonincreasing function such that (3(x) = 1 if x < 1 and 
/3(x) = if x > 2. Moreover, we can take (3 with only one inflection point between and 2, so 
that if /3 < /3b then /?" > 0. 

Let b(x,t) = (3(\x\ + Mot) = (3(\x\ — M \t\). As a function of x, b(x,t) looks like a bump 
function for every fixed t. By construction b xx > if b < (3q. Moreover, at those points where 
6 = (precisely where \x\ > 2 - M t = 2 + M \t\), (-A) s b < 0. Since b is smooth, (-A) s 6 is 
continuous and it remains negative for b small enough. Thus, there is some constant f}\ such that 
b xx > and {-A) s b < if b < 0i. 

Assume that 9{x,t) > 1 - m(t) + e (l + 1) for some point (x,t) G [-1,1] x [— jgj-,0]. We will 
arrive to a contradiction by looking at the maximum of the function 

w(x, t) = 9(x, t) + m(t)b(x, t) - £ (1 + t). 

We are assuming that there is one point in [—1,1] x [— jjjjj-,0] where w(x,t) > 1. Let (xo,to) be 
the point that realizes the maximum of w: 

w(x ,t ) = max w(x,t). 
R x[-wo-.o] 
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(Note (xq, to) exists by the definition of w and Lemma 12.10 Since w(xq, to) > 1, by using the fact 
that 9(xo,to) < 1, we deduce m(to)b(xo, to) > £q(1 + to) > 0, which further implies m(to) > 
(this tells us that t > -jj-) and b(x ,t ) > 0, so |x | < 2 + M |t | < 4. 

Since the function w realizes a maximum at (xq, to), we have the following elementary inequal- 
ities: 

w(xo,t ) > 1 
w t (x ,to) > 
w x (x ,to) = 
Aw(x ,to) < 
(-A) s w(x ,t Q )>Q 

The last inequality can be turned into a more useful estimate by recalling the integral formula 
of (— A) s w and looking at the set of points where 9 < 0. 

(— A) s w(xo, to) — C s [ u, ( x °' — w(y,t ) ^ (Note the integrand is nonnegative) 
>C S [ (w(x ,t ) - w{y, to))^ 1 - 23 dy 

J {y£[-l,l}:8(y,t )<0} 

> C„(l - m(t ))5- 1 - 2s |{ 2/ G [-1, 1] : 0(y,t o ) < 0}| 

> ^(1 - m(t ))\{y G [-1, 1] : 9(y,t ) < 0}|, 

where the last inequality is valid since 5 1+2s < 25 for i < s < \. We choose the constant cq 
in order to make sure that m(t) stays below 1/4 (simply by choosing c < 1/8), and we choose 
c o < f^f , so that 

(-A) s w(xo,t ) >c \{y e [-1,1] -0(y,t) < 0}|. (4.2) 

Note that the constant C s in the integral form of the fractional Laplacian stays bounded and 
away from zero as long as s stays away from and 1 . We can consider C s bounded above and below 
independently of s as long as s stays in a range away from and 1, like for example s G [1/4, 1/2]. 

Now we recall that w = + mb — £o(l + t) and we rewrite the inequalities in terms of 9. 

1 > 0(x , t„) > 1 - m(t )b(xo,to) > 3/4 

9t(x ,t ) > -m'(t )b(t ,x ) +m(t )M \b x (xo,to)\ + e Q 
x (xo,t ) = -m(to)b x (x ,t ) 
A9(x ,t ) < -m(t )Ab(x ,t ) 
{-A) s 9(x ,to) > -m(to)(-A) s b(xo,t )+co\{ye [-1, 1] : 9(y,t ) < 0}\ 

We consider two cases and obtain a contradiction in both. Either 6(a;o,to) > Pi or b(xo,to) < 
Let us start with the latter. If 6(xo,to) < Pi> then Ab(xo,to) > and (— A) s b(xo, to) < 0, then 

A9(x ,t ) < -m(t )Ab(x ,t ) < 
(-A) s 9(xo, t ) >c \{ye [-1, 1] : 0(2/, t ) < 0}| 

Therefore 

£ > 6 t + M90 x + (-A) s 9 - £l A9 > e - m'(t )b(x ) + c Q \{y G [-1, 1] : 6{y, t ) < 0}|, 
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where in the last inequality, we have implicitly use the fact that 

m(to)(Mo\b x (x ,to)\ - MQ(x ,t )b x (x ,to)) > 0, 

since 1 > 0(x o ,t Q ) > § and \M\ < M . 
So we obtain 

-m'(t )b(x ) + c \{ye [-1, 1] : %, to) < 0}| < 0, 

but this is a contradiction with (|4.1j) for any C\ > 0. 

Let us now analyze the case b(xo, to) > Pi- Since b is a smooth, compactly supported function, 
there is some constant C (depending on Mo), such that |A6| < C and |(— A) s 6| < C. Then we 
have the bounds 

A9(x ,t ) < -m(t )Ab(x ,t ) < Cm(to) 
(-A) s 9(x , t ) >c Q \{ye [-1, 1] : 9(y, t ) < 0}| - Cm(t ) 

Therefore 

e >9 t + M69 x + {-A) s e - £l A9 > e a - m'(t )b(x , t ) - Cm(t ) + c \{ye [-1, 1] : %, t ) < 0}| 
and we have 

-m'(t )b(x ,t ) - Cm(t ) + c \{y G [-1, 1] : to) < 0}| < 0. 
We replace the value of m'(to) in the above inequality using (|4.ip and obtain 

(C 1 b(xo,t )-C)m(to)+c (l-b(x ,to))\{ye[-l,l}:8(y,t)<0}\<0. 

Recalling that b(xo, to) ^ /?i , we arrive at a contradiction if C\ is chosen large enough. □ 

Lemma 4.2. Let s G [^,5], and let 9 be a solution of 

9 t + M9 ■ 9 X + {-A) s 9 - S1A6 < 0, (4.3) 

w/iere \M\ < 1 ond £1 < 1. isswme t/iat |6»| < 1 in Qx and \9{x)\ < |500a;| 2Q for \x\ > 1. T/ien i/ 
a is small enough, there is a A > (which does not depend on e\) such that oscq 1/400 9 < 2 — X. 

There is no deep reason for the choice of the number 500 in the above lemma. But the smaller 
the cube is, say Q _±_ , on which the improved oscillation occurs, we need a number, say 500, which 
is greater than 400 in order to make inequality (|5.2p hold. In principle, 500 can be replaced by 
any number greater than 400. 

Proof. We want to apply Lemma T4. II to 9. We check if we have the required hypothesis. We set 
M = 2 • 10 1 ' 2 . (The reason for this choice will become clear shortly.) Next, 9 will be either 
nonnegative or nonpositive in half of the points in [—10, 10] X [— -J^ , —5^] (in measure). Let us 
assume |{(x, t) G [—1,1] x [— 37^, — jg^] : 9(x,t) < 0}| > (1 = (Otherwise, we would continue 
the proof with —9 instead of 9 and — M.) Next, the hypothesis that we are missing is that 9 may 
be larger than 1 outside Q±. Thus we define 

= min(0,l)- 

We show below 9 satisfies 

9 t + M9-9 x + (-A) s 9-e 1 A9<e a . (4.4) 



over Q1/2 for eo small enough. Since 9 satisfies (I4.3[) and 9 = 9 on Qi we must only check the 
difference of (— A) s 9 and (— A) s 9 since this is the only nonlocal term in the equation. Let \x\ < 1/2 
(note below that we cannot take x £ Qi) 

(- A) 9{x, t) - (- A) 9{x, t)=C s / dy 

Jm \ x a - y\ 

S J{y.e( v ,t)>i} ko-y| 1+2s 
f \500y\ 2a -l . , . 

J{\y\>i} \y\ 2 

where, in the last inequality, we have used the assumption that \ < s < 1. Notice ui(a) — ► as 
a — » 0. So we can choose a > such that < £o- Hence 9 satisfies (|4.4j) over Q1/2 as claimed. 

However, in order to apply Lemma 14. 1[ we need to rescale so that we can have that the 
inequality holds on [—5,5] x [— jj Q ,Q]- Since we also need to preserve the condition 9 < 1 after 

rescaling, we choose to work with the function 9 (x,t) — 9(j^x, j^t). Observe that 9 satisfies 
the following differential inequality over Q5. 



°* + lO^MT • 0* + (-A) s 9* - 10 2 - 2s £l A9* <-^< £o . (4.5) 



Observe that with M = 2 ■ 10*, [-5,5] x [-^ ,0] C Q 5 , and lO 1 " 25 ^/ 1 < M . Also 
10 2-2s £i < 10 3 / 2 , and since by construction 9 < 1 e M x [— ]g ,0], we now finally can apply 
Lemma POl and obtain that 9 < 1 — A over [—1, 1] x [— jjj^, 0], where A depends only on Mq = 2-10^. 
However, since we would like to have an improved oscillation on a parabolic cube, we note that 
Q1/40 = [-5,1] x [-^,0] C [-1,1] x [~fc,Q], for I < s < \. So we have T < 1 - A over 
Q1/40 ■ Hence by rescaling 9 = 9 < 1 — A in Qimoo- This completes the proof. □ 

5 Proof of the main result 

To simplify the exposition of the proof of theorem 15.21 we first state and establish the following 
technical but elementary lemma. 

Lemma 5.1. For any p G (0, jgg), there exists some ot\ G (0, 5), depending only on p, such that 
for any < a < a±, the following holds: 

400/3 p 

p- a (2 - P a ) < 500 2 «{-^- - i(l - p a )} 2a , (5.2) 
400/9 p 

p~ Q (500 2Q + 1 -p a ) < 500 2a {i - i(l - p a )} 2a . (5.3) 

P P 

Proof. (|5.1| is immediate by the assumptions on p. So is (|5.2|) after we observe that it is equivalent 
to 

1 1 



p-,(2-^)=< 500 ^— --(l-p«) 

Since lim Q ^ P^ (2 - p a )^ = \ < ^ = lim Q ^ 500 - ±(1 - //*)) , by continuity, the 

above inequality holds for sufficiently small a > 0. 
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We rearrange (|5.3|) , and note that it follows from showing that 

f(a) = p a (500 2a + l-p a )- 500 2a p 2a \ 

has a local maximum at 0. This is indeed true, since /(0) = /'(0) = 0, and 

/"(0) = lnp(4 In 500-4- 21np) < 0, 

for any fixed p G (0, ^). □ 

Theorem 5.2. Let 9 be a solution of (|2.ip with \9\ < 1 in R x [—1,0]. There is a small a G (0, i) 
suc/i i/iai if < s < 1/2 £/ien satisfies 

\9(y,0)-9(x,0)\<C\x-y\ a 

for some constant C (independent of E\) and for all points such that \x — y\ > ce 2 ~ 2s . 

Proof. Fix p G (0, ^q)- Let a , and a.\ be as in Lemma 14.21 and Lemma 15.11 respectively. Take 
a = min{-^, ^} (a depends only on p). Next let A be as in Lemma H. 2 1 Then if necessary, we 
can either make A or a smaller, so that 2 — A = 2p a . Finally, set < s < |. 

We define the sequence k recursively for all nonnegative integers ft such that p( 2_2s ) fc > e 1 . 
We will do it so that every k satisfies 

d t 6 k + M k 6kd x 6 k + (-A) s 6 k - p^'^e^Ok = in Q 1 with M k < 1, (5.4) 

\6 k (x,t)\ < 1 for (x,t) e Qi, (5.5) 
\9 k {x,t)\ <500 2a \x\ 2a for \x\ > 1 and t £ [-1,0], (5.6) 

For all k, we will have 6k(x,0) = p~ ak 8(p k x,0). So (|5.5[) implies immediately the result of this 
theorem. 

We have to construct the sequence 0k- We start with 0q — 9 and Mq = 1 which clearly satisfy 
the assumptions. Now we define the following ones recursively. Let us assume that we have 
constructed up to 9k and let us construct 9u+i- 

Given the assumptions (|5.4p . (|5.5|) and (|5.6p . we can apply Lemma I4~2l as long as e± < p( 2_2s )' c 
and obtain that oscq 1/400 Of. < 2 — A = 2p a . If e\ > p^ 2 ~ 2s ^ k } we stop the iteration, i.e., we iterate 
only until the viscosity term becomes large. 

Since oscq 1/400 Q k < 2 — A, there is a number d € [— A/2, A/2] such that 

- 1 + A/2 < k - d < 1 - A/2, V(x, t) e Q 1/400 . (5.7) 

Now we define 9k+i as follows, 

9 k+1 (x,t) = p- a [0 k ( P {x + L t ),p 2s t) -d], 

where L t = p 2s ~ x M k dt. The function 0fc+i satisfies the equation 

S t fe+1 + p a+2s - x M k 9 k+1 d x 9 k+l + (-A) s k+1 - p^-^^eiAek = 

so we define M k+1 = p a+2s ~ l M k . Due to the fact that a+2s — 1 > for our choice of s 6 (^^, 5), 
we have M k+1 < M k . Hence, we know that k+ i satisfies (I5.4[) . 

Now, since the graph of 500 2a |cc| 2a is symmetric about the y-axis, without loss of generality, 
suppose d < 0, so L t > 0. 

To establish (15. 5p for 9 k+ i, we first note that by (|5.7p we have 

-l + A/2<0 fc (p(x + L t ),P 2s *) -d< l-A/2, Va: G[-^- -i tj ^--it],iG [0,1]. (5.8) 
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Next we show that the absolute value of the transport term L t = p M k dt is small enough, so 
that [-1, 1] C [-3^ - L t , 4^ - L t }. Indeed, since M k dt < | = (1 - p a ) we have 



which holds by (JET]). We conclude [-1,1] C [—m^-L u mZ~ L t]' Thus by (|5^|) for all (x. t) 6 Qi 

\0k+i(x,t)\ <p- a \O k ( P (x + L t ),p 2s t)~d\ <_J_(l_A/2) = l, 

so (|5.5|) holds as needed. 
Now we introduce 

r 1 if < 1, 

W ~ \ 500 2Q \x\ 2a if > 1. 

By the inductive hypothesis 

\6 k (x,t)\<iP(x), te[-l,0]. 



Then observe that by definition of 0fc+i, in order to establish (|5.6|) for it is enough to show 

(p- a fap(x + L*)) + p- a \d\) X{lx+Ltl> ^ } < 1>(x). (5.9) 

First we note that 

{p- a ^(p(x + L t )) + p- a \d\) X{]x+Lt \^ } < fa{x) + M*)> 

where fa (x) = p~ a {2~p a ) X{ _^_ silx+Ltl< i } axidfa(x) = {p- a ip(p(x+L t ))+p- a (l-p a )}x { \ x+Lt \^^}- 
So (|5.9|) will follow if we can show that fa < ip and fa < ip. 
To show fa < ip, we observe that, by (|5.2p we have 

Since fa is constant over — L t , - — L t ], and i/j(x) is strictly increasing for x — L t , it 

follows that ^1(4^ — L t ) < ip(j^ — L t ) implies faX[ 4 £ } Li, 1 L t ] < "0- On the other hand, it is 

quite obvious that we must have fax<- 1 la < "0- Hence we deduce that fa < ip. 

To prove 02 < tp, we just need to observe that by ()5.3|1 



<fe(- - L t ) = p- Q {500 2 « + 1 - //*} < iP(- - -(1 - P a )) < ^ - ^(l - P a )) < - L t ). 
p p p p p 

Now, for any point a; G [- — Lj, +00) the derivative of <^2 at & is strictly less than the derivative 
of ip at x. Because of this, fa(- — L t ) < ip(- — L t ) at once implies that faxn-L +00) < On the 
other hand, we also have faX(-oo -i-i t ] < "0- Hence we conclude that fa < ip, and this completes 
the proof. □ 



Corollary 5.3. Let 6 be a solution of (|1.1[) with \6\ < 1 in R x [—1, 1]. There is a small a 6 (0, 5) 

— c 
2 



sucft thai z/ i=2 < s < 1/2 f/iera #(•, t) e C Q /or all t > 
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Proof. For every e±, we have a solution 9 £l of (|2.1[) for which we can apply Theorem 15.21 in any 
interval of time [—1 + t,t]. Since neither constant a or C depend on E\, then for any h G R, 

6» £1 (x + h,t)- 8 £ (x, t) < C\h\ a for all x e K and t 6 [0, 1] 

for all £\ small enough (depending on \h\). This estimate passes to the limit as e\ — > since 
£l (-,O) — -> #(-,0) weak-* in L°°. Moreover, it will hold for all h at the limit, which finishes the 
proof. □ 

Now the proof of the main result follows immediately. 

Proof of Theorem ] For any initial data Oq S L 2 , by Theorem l3.2l \\6(—, t)\\ L ^^ decays. So all 
we have to do is wait until it is less than one, and we can apply Corollarv l5.3l □ 

Remark 5.4. The only part of the paper where we use that the solution is in L 2 is in the proof 
of the decay of the L°° norm (Theorem I3.2|) . For the rest of the paper, all we use is that the L°° 
norm of will eventually become smaller than one so that we can apply Corollarv l5.3l Of course 
there is nothing special about the number one, and a similar estimate can be obtained just by 
assuming that ||6*|| ioc < C . However, the value of a would depend on this C. 
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